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Abstract 
The effect of the initial conditions in inflation on scalar and tensor perturbations is 
investigated. Formulae for the power spectra of gravitational waves and curvature 
perturbations for any initial conditions in inflation are derived, and the ratio of scalar to 
tensor perturbations and spectral index are calculated. The formulation is applied to some 
simplified pre-inflationary cosmological models, and the differences of the ratio and 
spectral index are investigated with respect to two matching conditions. In addition, the 
present power spectrum of gravitational waves is derived. The proposed formulation is 
preliminarily shown to be a possible test of the appropriateness of a given pre-inflationary 
model.  
 
1. Introduction  
One of the most interesting problems in inflationary cosmology is that of the scalar 
and tensor perturbations in inflation. These perturbations are considered to have become 
the seeds of the present galaxies, and this area has been investigated extensively based on 
measurements of cosmic microwave background anisotropy. The power spectrum of 
gravitational waves has been calculated by some methods and with some models.1) 
Recently, Giovannini2) investigated the production of relic gravitons in quintessential 
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inflationary models, and showed that the production of gravitons is greatly enhanced at 
high gravitational wave frequency (10-3 Hz < ν < 1010 Hz) due to the stiff phase after 
inflation. In the previous report,3) the effect of a non-zero cosmological constant on 
background gravitational waves was investigated using a simple cosmological model with 
the cosmological constant. The power spectrum of the curvature perturbations produced 
during inflation is also very important, and is believed to be fixed at the horizon crossing 
in inflation and to change little until the perturbation reenters the Hubble horizon in the 
radiation-dominated period (matter-dominated period). The first- and second-order 
corrections to this power spectrum were obtained assuming a slow-roll expansion.4,5) 
Contrary to the above property of the curvature perturbations a model in which inflation is 
temporarily suspended has been proposed and a large amplification of the curvature 
perturbation relative to its value at horizon crossing has been found.6)  
It can be inferred from string/M-theory that several physical circumstances may have 
existed before inflation. The importance of the initial condition of inflation7) and the 
trans-Planckian problem of inflationary cosmology8) have therefore been discussed at 
great length. In a previous study,9) the effect of the initial condition in inflation on the 
power spectrum of the curvature perturbations was examined from another point of view. 
Based on the physical conditions before inflation, the possibility exists that the initial state 
of the scalar perturbations is not only the Bunch-Davies state, but also a more general 
state – a squeezed state, as occurs between two phases, such as between the inflation and 
radiation-dominated epochs.10,11) Based on this consideration, a formula for the power 
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spectrum of the curvature perturbations given any initial conditions in inflation was 
derived. Here, this concept is extended to gravitational waves having any initial condition 
in inflation, leading to a new formulation of the tensor-scalar ratio and spectral index.  
The power spectrum of gravitational waves is commonly derived using the Bunch-
Davies vacuum as the initial condition of inflation.1-3) The power spectrum of 
gravitational waves in this study is derived for any initial conditions (a squeezed state) in 
inflation by multiplying the familiar formation by a factor indicating the contribution of 
the initial condition. This form is very similar to the case for curvature perturbations, and 
a similar formation has been derived by Hawang.12) The derived formula is applied here to 
a range of cases and models to clarify its physical meaning. Using the power spectrum of 
the curvature perturbations for any initial conditions in inflation as derived in the previous 
report, a formula for the ratio of the power spectrum of the gravitational waves to that of 
the curvature perturbations is derived. The influence of arbitrary initial conditions in 
inflation on spectral indices is examined for both curvature perturbations and gravitational 
waves.  
The physical meanings of the derived formulae are clarified through examination of 
a number of pre-inflationary cosmological models and calculation of the ratio and spectral 
index for each case. The matching conditions of the scalar perturbations, which appear to 
be essential and have been discussed in relation to inflation13) and an ekpyrotic 
scenario,14) are also examined here. Calculations are made assuming two matching 
conditions; one in which the gauge potential and its first η -derivative are continuous at 
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the transition point, and one in which the transition happens on a hyper-surface of 
constant energy as proposed by Deruelle and Mukhanov,13) and the differences between 
the two matching conditions are investigated. In addition, the present power spectrum of 
gravitational waves for any initial conditions in inflation is derived as a simple form, and 
is calculated and compared to the regular power spectrum assuming a simple 
cosmological model.  
In section 2, formulae for the power spectra of the tensor and scalar perturbations for 
any initial conditions in inflation are derived, and the tensor-to-scalar ratio and spectral 
index are obtained. In section 3, some simplified cosmological models used to 
demonstrated the present formulation are outlined. In section 4, the power spectra of the 
tensor and scalar perturbations, the tensor-to-scalar ratio and the spectral indices are 
calculated using the derived formula and a number of pre-inflationary cosmological 
models. The effect of the initial conditions are estimated, and the difference between the 
two matching conditions are investigated. In section 5, the present power spectrum of 
gravitational waves for any initial conditions in inflation is derived, and in section 6, the 
results obtained in the present study are discussed. 
 
2. Tensor and scalar perturbations 
In this section, formulae for the power spectra of the tensor and scalar perturbations 
for any initial conditions (a squeezed initial state) in inflation are derived, and using these 
formulae the tensor-to-scalar ratio and spectral indices are obtained.  
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2.1 Tensor perturbations 
A spatially flat Friedman-Robertson-Walker (FRW) universe is considered for the 
background spectrum, as described by the metric  
  = (η )(- + + + dz ), (2.1) 2ds 2a 2ηd 2dx 2dy 2
where η  is the conformal time. Gravitational waves are deviation from the geometry of 
this background metric, as given by 
  = (η )(δ + ), (2.2) ijg
2a ij ijh
where describes a small deviation fromδ . Under the transverse traceless gauge, the 
action of the gravitational waves in the linear approximation is given by 
ijh ij
 S = 
2
1
∫ xd 4 {(
η∂
∂h ) -(∇ ) +2 h 2
a
a ′′ 2h }, (2.3) 
where h is the transverse traceless part of the deviation h  and represents the two 
independent polarization states of the wave ( , ).
ij
+h ×h
15) The primes denote the derivative 
with respect to conformal timeη . As is well known, the action of gravitational waves in 
the linear approximation is in the same form as that for a real massless, minimally 
coupled scalar field.15) The field h(η ,x), can be expanded in terms of the annihilation and 
creation operators a  and k ka−
†, i.e., 
 {
)2(
1),( 32/3 kda
xh ∫=
π
η )(k ηv ka +  )(
* ηkv ka−
†} ikxe− ,  (2.4) 
and v  is the solution of  )(k η
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 2
2
ηd
vd k  + ( 2
2
2 1
ηd
ad
a
k − )  = 0. (2.5) kv
As an inflation we consider the power-law inflation a( )  (-η ) (= ). The 
solution of Eq.(2.5) is then written as 
η ≈ p )p/(pt 1+
 (η )= iIkf
2
2
/ipe ππ − (-η )1 (-kη ), (2.6) 2/ )( /pH
1
21+−
where  is the Hankel function of the first kind of order –p+)( /pH
1
21+− 2
1 . We assume that as 
a general initial condition, the mode function v  is written as )(k η
 )  =   (η ) + (η ), (2.7) (k ηv 1gc
I
kf 2gc
*I
kf
where the coefficients c  and  obey | |  – | |  = 1. Equation (2.7) describes a 
squeezed state. The important point is that the coefficients c  and  do not change 
during inflation. In the conventional treatments, the Bunch-Davies state for the field 
, i.e. c  = 1 and  = 0, because of the requisite condition that in the limit 
, the field  must approach plane waves, e.g. e /
1g
c
)
2gc 1gc
2
2gc
2
1g
η
2gc
)(k ηv
→η
1g 2g
−∞ (k ηv
ik− k2 .  
 The power spectrum is defined as 
 < )(v η v η >=k )(
*
l 3
22
16k
amPπ
gP  δ (k-l), (2.8) 
3
where  is the Planck mass. The power spectrum of gravitational waves P  is then 
written as
Pm
21/
g
4)  
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  =21 /gP am
k
P π
34 | v |.  (2.9) k
The series of the Hankel function (z) at the limit of z→0 (z=-kη ) is written as )( /pH
1
21+−
)(
/pH
1
21+− (z)= (-
21 /pz −
)p/(
pseci p/
+
−
21
2 21
Γ
π +
)p/(
pseczi p/
+
−−
23
2 223
Γ
π -
)p/(
pseczi p/
+
−−
25
2 429
Γ
π + ) 6]z[o
  + (21 /pz −−
)p/(
z)ptani(p/
−
++−
23
12 21
Γ
π -
)p/(
z)ptani(i p/
−
+−+−
25
2 325
Γ
π -
)p/(
z)ptani(p/
−
++−
27
12 5211
Γ
π  
  + ), (2.10) 7]z[o
 where Γ  represents the Gamma function. In the present study, the term z  
(=(-kη ) ) is of the leading order. The power spectrum of the leading and next leading 
correction of |-kη | in the case of squeezed initial states can be written as  
)2/1( +p
21/p−
21/p−
21 /
gP  = ( π
12 +− p p)p( −
)/(
)/p(
23
21
Γ
Γ +−
Pm
H )|  (1-aHk= )p(
)k(
212
2
+
− η )× | c +  |, 1g
2/ipe π− 2gc
2/ipe π
  (2.11) 
where H is the Hubble expansion parameter, and  is multiplied by a factor 21/gP 2  for the 
two polarization states. We define the quantity (k) as gC
 (k) + c . (2.12) gC = 1gc
2/ipe π− 2g
2/ipe π
This formula differs slightly from Hwang’s formula12) due to the introduction of the term 
 into Eq. (2.6), as required in order that in the limit η , the field v  must 
approach plane waves.
2/ipe π− −∞→ )(k η
4) The power spectrum of the gravitational waves is obtained by 
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multiplying the familiar formation (i.e.  = 1 and  = 0) by the quantities |C (k)|.  1gc 2gc g
)u∇ 2
(k η ku
∗ (
k
 
2.2 Scalar perturbations 
Next, the scalar perturbations are considered. The formula for the power spectrum of 
curvature perturbations for any initial conditions in inflation was obtained in the previous 
report.9) The derivation is given here briefly in order clarify the difference between the 
tensor and scalar perturbations. Using the gauge-invariant potential u, the action for the 
scalar perturbations is written as16)  
 S = ∫ d 3
1
η {(xd
2 η∂
∂u ) -  + 2 2sc
2(
Z
Z ′′ u  }, (2.13) 
where 
H
aZ φ
&
= , and u = –Z R. The field φ  is the inflaton field, c  is the sound velocity, H 
is the Hubble expansion parameter, and R is the curvature perturbation. Overdots 
represent derivatives with respect to t. The field u(η ,x) is expressed using annihilation 
and creation operators as follows. 
s
 {
)2(
1),( 32/3 kdxu ∫= π
η ka )u + ka−
† ikxe−)}η .  (2.14) 
The field equation of u  is then derived as  k
 2
2
ηd
ud k + ( 2sc 2
2
2 1
ηd
Zd
Z
k − )  = 0. (2.15) u
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 The solution  satisfies the normalization condition u  -  = i. 
Considering the power-law inflation a(η )  (-η ) (= t ), Eq. (2.15) can be rewritten 
as 
ku k
)1+
ηdduk /
* *
ku ηd/duk
≈ p p/(p
 2
2
ηd
ud k  + ( -2k 2
1
η
)p(p − )  = 0, (2.16) ku
where, in the scalar field case, c  = 1. Equation (2.6) is the solution of (2.16) because the 
equations for the scalar perturbations and tensor perturbations become the same in the 
case of the power-law inflation. Similar to the case for gravitational waves, as a general 
initial condition of the scalar perturbations, the mode function (η ) is written as 
2
s
ku
 (η ) =   (η ) +  (η ), (2.17) ku 1c
I
kf 2c
*I
kf
where the coefficients c  and  obey | |  – | |  = 1. Conventionally, the Bunch-
Davies state is adopted for the field u (η ), i.e.  = 1 and  = 0. 
1 2c 1c
2
2c
2
k 1c 2c
The power spectrum of the curvature perturbations is defined as 
 < R k (η ), R l * (η )>= 3
22
k
π PR (k-l), (2.18) 3δ
where R (η ) is the Fourier series of the curvature perturbation R (u = –Z R). Then, the 
power spectrum PR 1  is written as
k
2/ 4)  
 PR 21  =/ 2
3
2π
k |
Z
uk |. (2.19) 
Using the approximation of the Hankel function (2.10), the power spectrum of the leading 
and next leading correction of |–kη | in the case of squeezed initial states can be written as 
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PR 1 = (2/ p−2 p)p( −
)/(
)/p(
23
21
Γ
Γ +−
2
1
Pm |H|
H
′
2
)|  (1-aHk= )p(
)k(
212
2
+
− η )× | +  |    1c
2/ipe π− 2c
2/ipe π
 = )
φπ &2
2H(  | c +  |.  (2.20) aHk| = 1
2/ipe π− 2c
2/ipe π
The quantity C(k) is defined as 
 C(k) = c e + c . (2.21) 1
2/ipπ−
2
2/ipe π
Again, this formula differs slightly from that of Hwang12) for the same reasons as for 
gravitational case. 
The power spectrum of the curvature perturbations is then obtained by multiplying 
the familiar formation (i.e.  = 1 and  = 0) by the quantity |C(k)|. 1c 2c
 
2.3 Scalar-tensor ratio and spectral index 
The ratio of the power spectrum of the gravitational waves to that of the curvature 
perturbations, is obtained from Eqs. (2.11) and (2.20) as 
 R(k) ≡  / PR 1  = 4 21/gP
2/
p
p 1+  
|)k(C|
|)k(C| g . (2.22) 
From Eq. (2.22), if the coefficients c  and  have the same values as c  and c , i.e., 
|C |/ | | = 1, the ratio becomes the familiar one. In fact, this may appear to be the 
case for some models. The question then arises as to whether models for which | |/ 
| | is not equal to 1 exist. R(k) is calculated later in this paper for a number of 
simplified cosmological models.  
1g 2gc 1 2
(Cg
)k(g
)k(C
)k(C
)k
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For the spectral indices of the tensor and the curvature perturbations, if we assume 
that | |  and | |  , then P  and PR can be written as 
and PR , where n  and  are the ordinary contributions of the 
spectral indices (i.e. the case c  = 1 and  = 0 or the case c  = 1 and  = 0). If  
and  are not near zero, then the appropriateness of the model becomes a serious 
problem. Later in this paper, ∆  and , which represent the contribution of pre-
inflation, are calculated for a range of simplified cosmological models.  
)k(Cg
gg nnk ∆+
n
2 gnk ∆∝
∝
)k(C
1g
gn
2 ∝
g
c
∆
nk ∆
n
2
g
gP ∝
∆
nnk ∆+−1
g
n
1 2c gn∆
 
3. Pre-inflationary cosmological models 
A series of simplified models of pre-inflation will be used to demonstrate the 
proposed perturbations. Here, the pre-inflation model is considered to consist simply of a 
radiation-dominated period or a scalar-matter-dominated period. A simple cosmological 
model is assumed, as defined by 
 = (-η -η ) , Pa 1a j
r
 , pI aa )(2 η−=
 , )(3 m
R aa ηη −=
 , (3.1) 24 )( n
M aa ηη −=
where,  
 21 ηη )p
r(j −= , 
 
 
 
 
 
 
 
 
 
 
12 
 3
11 ηη )
p
(m −= , 
 34
112 ηηη )
p
(n −+−= , 
 221 a)()r
p(a rpr −−= η , 
2
1
33 a)(pa
p−−−= η , 
 
)(
aa
nηη −
=
4
3
4 2
, (3.2) 
The scale factor a  represents the ordinary inflation. If p = –1, the inflation is de-Sitter 
inflation, and if p < –1, the inflation is a power-law inflation. Inflation is assumed to begin 
at η  = η  and end at η  = η . The radiation-dominated period (in which the scale factor is 
) follows, and the matter-dominated period (in which the scale factor is a ) begins at 
 = η , leading to the current time η .  
I
2
4
3
Ra
η
M
5
In pre-inflation, for the case r = 1, the scale factor a  indicates that the radiation–
dominated period occurs, whereas for the case r = 2, the scale factor  indicates that the 
scalar-matter-dominated period occurs. Here, the period of inflation is assumed to be 
sufficiently long, that is, in the plot of |C(k)|, η  is chosen as the time when perturbations 
of the current Hubble horizon size exceed the Hubble radius in inflation. For example, for 
 = 1.25× , η  = 1.66 , and η  = –6.63× , the value of η depends on the 
P
Pa
2
5η
1810 4
1610× 3
910− 2
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value of p; if p = –
9
10  (a = t ), then η  = –7.03× , while if p = –10 2
1710
99
100  (a = t ), then 
 = –6.39× . 
100
2η
Pa
1710
jη
R
kf
(ik η+−
k
 
4. Calculations of the power spectrum, tensor-to-scalar ratio and spectral index 
In this section, the power spectra are calculated for a number of cosmological models 
in the tensor and scalar cases. Using the derived power spectra, the ratio of the 
gravitational waves to the curvature perturbations and spectral indices in the tensor and 
scalar cases are calculated, and the differences between two matching conditions in terms 
of these properties are investigated.  
 
4.1 Radiation-dominated period before inflation  
In the case of a radiation-dominated period before inflation, the scale factor becomes 
= (-η - ), i.e., r = 1. A difference between the scalar and tensor perturbations 
(gravitational waves) occurs in the radiation-dominated period, i.e., the equations of the 
fields become different. In the case of gravitational waves, the solution of Eq. (2.5) is 
written as  
1a
 (η )= )
2
1
ie
k
η . (4.1) 
 On the other hand, in the case of curvature perturbations, the field equation u  can be 
written as Eq. (2.15) in the radiation-dominated period. In this case,  is written as  Z
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Z =  ((H  – (H ) / (1Ra 2 )′ 21 / Gπ4 sc H), where H = / , and G is Newton’s 
gravitational constant.
) 1Ra( 1 ′Ra
11,16) Fixing the value of c  at 1/3, the solution of Eq. (2.15) 
becomes 
2
s
 (η )=SRkf k
/
2
3 41 3/)( jike ηη+− . (4.2) 
For simplicity, it is assumed that the mode functions of the radiation-dominated period 
can be written as Eq. (4.1) for the gravitational waves, and as Eq. (4.2) for the scalar 
perturbations. In the power-law inflation, Eqs. (2.5) and (2.15) become the same, and can 
be written as Eq. (2.6). Then, the general mode functions in inflation can be written as 
 (η )=  (η ) + (η ), (4.3) Ikv 1gc
I
kf 2gc
*I
kf
 (η )=  (η ) + (η ). (4.4) Iku 1c
I
kf 2c
*I
kf
In order to fix the coefficients , ,  and , we use the matching condition that the 
mode function and first η -derivative of the mode function are continuous at a transition 
time η  = η  (η  is the beginning of inflation). The coefficients c , ,  and can 
then be calculated as 
1gc 2gc 1c 2c
2 2 1g 2gc 1c 2c
 =-1gc z22
π )/22/( pzpie +π ((-1+p+iz) (z) + z (z)), (4.5)  )( /pH
2
21+−
)(
/pH
2
23+−
 =-2gc z22
π )/22/( pzpie +− π ((-1+p+iz) (z) +z (z)), (4.6) )( /pH
1
21+−
)(
/pH
1
23+−
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 =1c z/ 223 43
π )3/22/( pzpie +π ((3-3p-i 3 z) (z) - 3z (z)), (4.7)  )( /pH
2
21+−
)(
/pH
2
23+−
 =2c z/ 223 43
π )3/22/( pzpie +− π ((3-3p-i 3 z) (z) -3z (z)) )( /pH
1
21+−
)(
/pH
1
23+−
  (4.8) 
where  = – k . The quantities C (k) and C(k) are then derived from Eqs. (2.12) and 
(2.21) as follows. 
z 2η g
gC (k) = – z22
π p/ize2 {(-1+p+iz)( (z)+ (z))+ z( (z)+ (z))}   )( /pH
1
21+−
)(
/pH
2
21+−
)(
/pH
1
23+−
)(
/pH
2
23+−
  (4.9) 
C(k) = 
 –
z/ 223 43
π p/ize 32 {(-3+3p+i 3 z)( (z)+ (z))+3z( (z)+ (z))} )( /pH
1
21+−
)(
/pH
2
21+−
)(
/pH
1
23+−
)(
/pH
2
23+−
                                                                                                                   (4.10) 
The quantities |C (k)| and |C(k)| are plotted as a function of (=– ) in Figs. 1 and 
2 for the case p = –10/9. In the case of z  (super large scales), the quantities C (k) 
and C(k) are given by 
g z 2ηk
0→ g
 (k)  gC ≅
)
2
3(
2 1
p
p
−Γ
+− π  e  (1-p-iz), (4.11) p/iz2 pz−
 C(k)≅  
)
2
3(3 4/3
1
p
p
−Γ
+− π2  p/iz 32e  (3-3p-ipz− 3 z), (4.12) 
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In the case of z , both C (k) and C(k) become zero. Next, we consider the case 
 (from large scales to small scales). The quantities C (k) and C(k) are then 
approximately 
0→ g
∞→z g
 |C (k)| ≅  (g 2
22
4
1
z
)p(p −
+1 )1 , (4.13) 2/
 |C(k)| ≅ { 
3
1 (2+ )}1 , (4.14) )2cos( zp +π 2/
The behavior differs between the tensor and scalar cases, i.e., C (k) becomes 1 and C(k) 
oscillates around 
g
≅4132 // 1.07. 
From (k) and C(k), the ratio of gravitational waves to the curvature perturbations 
on the power spectrum R(k) = 4
gC
pp /)1( + cR (k) can be calculated. In the case of  
(super large scales), (k) is derived as 
0→z
cR
 (k) = cR |)(|
|)(|
kC
kCg
22
22
363
)21(3
zpp
zpp
++−
++−
≅ , (4.15) 
which corresponds to ( 0.76) when p = –10/9. In the case of |z|>>1, (k) becomes  413 /− ≅ cR
 (k)  (cR ≅ )zp(Cos 22
3
++ π
)1 , (4.16) 2/
This ratio (k) oscillates around cR ≅
4132 //
cR
1.07, numerically 0.760 ≤ (k) ≤ 1.316, 
and is largely independent of p. The ratio (k) is plotted as a function of z in Fig. 3 for 
the case p = –10/9 to examine the overall behavior of the ratio.  
cR
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Finally, we consider the spectral indices of the tensor and curvature perturbations. 
Here, only the difference from the normal values is considered, i.e., ∆  and . The 
spectral indices for the case of scalar and tensor are obtained using Eqs. (4.9) and (4.10). 
In the case z 0,  and  become -2p, which is non-zero. However, if inflation is 
sufficiently long, this behavior becomes less important. In the case |z|>1 (from large 
scales to small scales), the values of ∆  and  are zero. 
gn n∆
→ gn∆ n∆
gn n∆
 
4.2 Scalar-matter-dominated period before inflation 
When the period before inflation is scalar-matter-dominated, in which the scalar-
matter is the inflaton field φ , the scale factor becomes a = (-η -η ) , i.e., r = 2. In 
this case, Eqs. (2.5) and (2.15) become the same, and consequently the quantities C (k) 
and C(k) are the same form. Using a similar procedure as in section 4.1, the quantities 
(k) and C(k) become  
1R
1a j
2
g
gC
 (k) = C(k) = gC 328 z
i π− p/ize2 {( +4z(i+z)-2p (1+iz))( (z)+ (z)) 2p )( /pH
1
21+−
)(
/pH
2
21+−
 + 2(p-2iz)z( H (z)+ (z))}. (4.17) )( /p
1
23+−
)(
/pH
2
23+−
In order to compare the case of the radiation-dominated period with the case of the 
scalar-matter-dominated period, |C(k)| as given above is plotted as a function of z in Fig. 4 
for the case p = –10/9. As the quantities (k) and C(k) are the same, the ratio of scalar to 
tensor perturbations R(k) is the ordinary value, i.e., R (k) = 1. The spectral indices ∆  
gC
c gn
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and  are equal in this case. For z 0, (= ) becomes a constant (=–2(p+1)) from 
Eq.  (4.17), whereas for |z|>>1, ∆ (=∆ ) oscillates and approaches zero. The details are 
shown in Table 1. 
n∆ →
k
gn∆ n∆
→
gn n
The behavior of |C(k)| for |z|>>1 differs between the radiation-dominated and matter-
dominated assumptions; |C(k)| oscillates assuming a radiation-dominated pre-inflation 
period, |C(k)|  1 for a matter-dominated pre-inflation period. Different behavior is also 
observed for the spectral indices in the case of z 0.  
≅
 
4.3. Matching condition 
Here, the matching condition for the scalar perturbations is considered. One of two 
matching conditions is used in sections 4.1 and 4.2. One is a matching condition in which 
the gauge potential and its first η -derivative are continuous at the transition point. This 
matching condition allows the initial condition of pre-inflation to be decided rationally, 
i.e., in the limit η , the field u (η ) approaches plane waves. The other is Deruelle 
and Mukhanov’s 
−∞→
13) matching condition for cosmological perturbations, which requires 
that the transition occurs on a hyper-surface of constant energy. 
Using Deruelle’s matching condition that Φ  and  (R) are continuous at the 
transition time η , the quantity |C(k)|, the ratio of the power spectrum of gravitational 
waves to that of the curvature perturbations, and the spectral indices of the curvature 
ζ
2
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perturbations are calculated, and the difference between these two matching conditions 
are investigated. The parameters Φ  and ζ  can be written as follows. 11,16) 
)′ 2
Φ
2
1 2
2
Φ
2
  = (-H + H ' ) Φ 2
Z
u( /(  H),  (4.18) 2kcs
  = (H - Φ  H '  +2 H )/(H -H ' ),  (4.19) ζ Φ′ 2 2
where is written as (H H -H ' ) /(Z a 2 1/ Gcs π4  H). As Φ  and ζ  can be written in 
terms of u (η ), the coefficients c  and c  are obtained as follows: In the period of pre-
inflation, the mode function u (η ) is derived from Eq. (2.15), and Φ  and 
k
k
R ζ R
k
2
 can be 
obtained using the relations (4.18) and (4.19). On the other hand, in inflation, u (η ) is 
expressed as c (η ) + c (η ), and this is used to calculate Φ  and ζ . From the 
relations (η ) = Φ (η ) and ζ (η ) = ζ (η ), the coefficients c  and  can be 
fixed.  
1
R
I
kf
2
2
2
*I
kf
I I
cΦ I R I 2 1
Here, the matching condition that  and ζ  (R) are continuous at the transition point 
is adopted. However, the matching condition of Deruelle and Mukhanov must be written 
such that Φ  and  + /(3(H -H ' )) are continuous at the transition point. In the 
present case ( ), the value of ζ  becomes smaller than that of the  term, and the 
 term dominates at |z|>>1. However, the coefficients c  and  cannot be fixed using 
 and the  term. Thus, the matching condition that Φ  andζ  (R) are continuous at the 
ζ
−=
Φ2k
zk 2η
2
2k
2k
Φ
1 2c
k
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transition point is adopted here. As the calculation of the coefficients c  and  is similar 
to that in previous sections, only the results are given here. 
1 2c
→
R
In the case of the radiation-dominated period before inflation, |C(k)| can be written from 
Eq. (2.21) as 
C(k) = 
zpp )1(43 4/3 +
π p/ize 3 {( 3 +4 3 2p -p( 3 +6iz)) 
  ×  ( (z)+ (z))+ )( /pH
1
21+−
)(
/pH
2
21+− 3 (1+p)z( (z)+ (z))}. (4.20) 
)(
/pH
1
23+−
)(
/pH
2
23+−
For 0, |C(k)| becomes zero, while for |z|>>1, |C(k)| oscillates around →z
1−− p /( p2− 413 / )≤ |C(k)|≤ p2− 413 / / 1−− p , which corresponds to a numerical 
range of 0.170 ≤ |C(k)| ≤ 5.89 when p = –10/9. The variation in |C(k)| as a function of z is 
shown in Fig. 5 for p = –10/9. Comparing Fig. 2 with Fig. 5, some differences between 
the matching conditions are apparent.  
Calculating the tensor-to-scalar ratio R (k) from C (k) and C(k), for z  (super 
large scales) R (k) becomes 0.196 when p = –10/9, while for |z|>>1, (k) oscillates in 
the range 0.170 ≤ (k) ≤ 5.89. The ratio (k) is plotted as a function of z in Fig. 6 for 
p = –10/9 over the range 0  z ≤  10. The deviation of the spectral index ∆  becomes  
c
cR
g 0
c c
cR
≤ n
–2p for z 0, and zero for |z|>>1.  →
From a comparison of the two matching conditions, the behavior of C(k) and (k) is 
similar but the values are different, whereas ∆  has the same value for both matching 
conditions. The details are listed in Table 1. 
cR
n
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For the case of the scalar-matter-dominated period before inflation, C(k) is written 
from Eq. (2.21) as 
C(k) = 
31316 z)p(p +
π  i  p/ize2
 {( + (-4-2iz)-8iz+p(4+8iz-12 ))( (z)+ (z)) 3p 2p 2z )( /pH
1
21+−
)(
/pH
2
21+−
 –4(1+p)(p-2iz)z( (z)+ (z))}.                                  (4.21) )( /pH
1
23+−
)(
/pH
2
23+−
In the case of z 0, |C(k)| becomes zero, and in the case of |z|>>1, |C(k)| oscillates 
around 
→
)1(2 +− p /( p3− )  |C(k)| ≤ ≤ p3− 413 / / )1(2 +− p
n∆
, corresponding to a 
numerical range of 0.258 ≤ |C(k)| ≤ 3.873 when p = –10/9. As the behavior of |C(k)| 
differs between the two matching conditions for |z|>>1, |C(k)| is plotted as a function of z 
(=– ) in Fig. 7 for p = –10/9. Again, in comparison with Fig. 3, some differences 
between the matching conditions are apparent. The tensor-to-scalar ratio R (k) for z  
(super large scales) is 0.277 when p = –10/9, and at |z|>>1 oscillates within the numerical 
range 0.258 ≤ (k) ≤ 3.873. Thus, the ratio differs between the two matching conditions, 
similar to the case for the radiation-dominated pre-inflationary period. The deviation of 
the spectral index  for z→0 is –2(p+1), while for |z|>>1,  is zero. 
2ηk
c 0→
cR
n∆
Comparing the two matching conditions in the case of the scalar-matter-dominated 
pre-inflation period, the behavior of |C(k)| for the two cases differs when |z|>>1, i.e., 
oscillation or a constant value of 1. Although the ratio differs, the behavior of the spectral 
indices is the same.  
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The results for these 4 cases (two models and two matching conditions) are 
summarized in Table 1.  
 
5. Present power spectrum of the gravitational waves 
The present power spectrum of the gravitational waves is calculated here using the 
simple cosmological model outlined in section 3. In inflation, which starts at η , the 
mode function of the gravitational waves is written as Eq. (2.7), where the coefficients 
 and c  represent the effect of pre-inflation. The radiation-dominated period follows, 
starting at η . The mode function of the gravitational waves in this period is written as 
2
1gc 2g
3
 (η )= (η -η )+ (η -η ). (5.1) Rkv 3gc
R
kf m 4gc
*R
kf m
In this case, the mode function (η ) is the similar to Eq. (4.1). Finally, in the matter-
dominated period, which starts at η , the mode function of the gravitational waves is 
written as 
R
kf
4
 (η )=  (η )+  (η ), (5.2) Mkv 5gc
M
kf 6gc
*M
kf
where  
 (η )= Mkf k2
1 (1- 
)(k
i
nηη −
) . (5.3) )(ik ne ηη−−
Using the matching condition at η  and η , the coefficients c  and c  are derived as 3 4 5g 6g
  = {α (η )+α (η )}+ {α (η )+α (η )}, 5gc 1c 1
I
kf 3 2 'f
I
k 3 2c 1
*I
kf 3 2 'f
*I
k 3
  = { (η )+ (η )}+ { (η )+ (η )},           (5.4)  6gc 1c 1β
I
kf 3 2β 'f
I
k 3 2c 1β
*I
kf 3 2β 'f
*I
k 3
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where 
  = (- (η ) (η )+ (η ) (η )) (η ) 1α 'f
*R
k 3 'f
R
k 4 'f
R
k 3 'f
*R
k 4
*M
kf 4
 + ( f R (η ) f (η )- (η ) (η )) (η ), '*k 3
R
k 4 'f
R
k 3
*R
kf 4 'f
*M
k 4
  = ( (η ) (η )- (η ) (η )) (η ) 2α
*R
kf 3 'f
R
k 4
R
kf 3 'f
*R
k 4
*M
kf 4
 + (- Rf (η ) f (η )+ (η ) (η )) (η ), *k 3
R
k 4
R
kf 3
*R
kf 4 'f
*M
k 4
  = -{(- (η ) (η )+ (η ) (η )) (η ) 1β 'f
*R
k 3 'f
R
k 4 'f
R
k 3 'f
*R
k 4
M
kf 4
 + ( f R (η ) f (η )- (η ) (η )) (η )}, '*k 3
R
k 4 'f
R
k 3
*R
kf 4 'f
M
k 4
  = -{( (η ) (η )- (η ) (η )) (η ) 2β
*R
kf 3 'f
R
k 4
R
kf 3 'f
*R
k 4
M
kf 4
 + (- Rf (η ) f (η )+ (η ) (η )) (η )}. (5.5) *k 3
R
k 4
R
kf 3
*R
kf 4 'f
M
k 4
As | |<<1 ( =k η ), using the approximation (2.10), we obtain the following relations.  3z 3z 3
 (η )≅ | (η )|, (η ) | (η )|, Ikf 3
2/ipe π− Ikfˆ 3
*I
kf 3
2/ipe π≅ Ikfˆ 3
 (η )≅ | (η )|, (η ) | (η )|. (5.6) 'f Ik 3
2/ipe π− 'fˆ Ik 3 'f
*I
k 3
2/ipe π≅ 'fˆ Ik 3
Using these relations, the coefficients c  and  are obtained as 5g 6gc
   ( )(α | (η )|+α | (η )|), 5gc ≅
2
2
2
1
/ip
g
/ip
g ecec
ππ +− 1
I
kfˆ 3 2 'fˆ
I
k 3
   ( )( | (η )|+ | (η )|). (5.7) 6gc ≅
2
2
2
1
/ip
g
/ip
g ecec
ππ +− 1β
I
kfˆ 3 2β 'fˆ
I
k 3
Finally, the mode function v (η ) can be written as  Mk
 (η ) ≅  ( ) Mkv
2
2
2
1
/ip
g
/ip
g ecec
ππ +−
 {(α | (η )|+α | (η )|) (η )+ ( | (η )|+ | (η )|) (η )}.   × 1
I
kfˆ 3 2 'fˆ
I
k 3
M
kf 1β
I
kfˆ 3 2β 'fˆ
I
k 3
*M
kf
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  (5.8) 
The present power spectrum (η ) is then written as  21/gP 5
 (η ) =21/gP 5 )(am
k
P 5
34
ηπ
| v (η )|. k 5
  ( (η )) 1 | c | , (5.9) ≅ normalgP 5
2/ 2
2
2
1
/ip
g
/ip
g ece
ππ +−
where ( (η ))1  indicates the case of c = 1 and  = 0 (normal case). normalgP 5
2/
1g 2gc
This result is very important: the present power spectrum of the gravitational waves 
can be obtained by multiplying the familiar formation by the factor | (k)| with an 
approximation. Therefore, the contribution of pre-inflation on the power spectrum applies 
only to the quantities |C (k)|. 
gC
g
 
5.1 Radiation-dominated period before inflation  
The present power spectrum of gravitational waves in the case of the radiation-
dominated pre-inflation period is calculated here using the simple cosmological model 
(3.1). With (k) in the leading term of , the power spectrum can be calculated as gC 3z
 (η ) ≅21/gP 5
P
/
m
k
π
234  
 |-
)zz(zk
)z( p
4
2
4
1
3
+
− +−
π
 C (k) (i 2 p( e (-i+  + )(-1+ +4i +8 ) g
p/ −− 29 42iz z 4z 4
2ize 4z
2
4z
 - e  (i+ + )(1+  (-1-4i +8 )) | (5.10) 52iz z 4z 4
2ize 4z
2
4z )p/( −21Γ
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where z = , , and . In this case, a(η ) = 1 is used. Many papers treat 
this power spectrum for the case of C (k) = 1 and de-Sitter inflation. For the case of a 
radiation-dominated period before inflation, the quantity C (k) is as shown in Eq. (4.9). 
The spectrum is plotted as a function of z(= ) in Fig. 8 for two cases; the normal case 
( = 1 and c = 0) (Case 1), and in the case of inflation before the radiation-dominated 
period (Case 2). When z<1, the present power spectrum for Case 1 is constant, but 
becomes small for Case 2. When z>1, the two cases are not appreciably different. 
5ηk
2
44 ηkz = 33 ηkz −=
g
5
g
5ηk
1c
 
6. Summary  
The influence of the initial condition in inflation on the scalar and tensor 
perturbations was investigated. Assuming a squeezed initial state, the power spectra of the 
gravitational waves and curvature perturbations were calculated. The derived formulae 
represent the commonly used formulae multiplied by the factor | (k)| or |C(k)|. The 
effect of the squeezed initial state in inflation on the tensor-to-scalar ratio and spectral 
index were also investigated using the derived formulae. Assuming some simplified pre-
inflationary cosmological models, the power spectra of the gravitational waves and 
curvature perturbations were calculated and used to obtain the ratio and spectral index. 
These properties were examined for two matching conditions.  The results, as tabulated in 
Table 1, reveal that some differences exist between the cosmological models and 
matching conditions, and although not large, cannot be ignored. Here, when we plot the 
gC
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quantities, the value (p=-10/9) is adopted, but for other values (for example, p=-100/99) 
similar results were derived. 
The present power spectrum of gravitational waves for any initial conditions was 
derived. The proposed formula is quite simple, being the familiar formation multiplied by 
a factor indicating the contribution of the initial condition. For a simplified model in 
which a radiation-dominated period exists before inflation, this power spectrum differs 
from that determined based on the Bunch-Davies vacuum as the initial condition of 
inflation at super large scales. In the ordinary case, the present power spectrum of the 
gravitational waves becomes a constant, but for a radiation-dominated period before 
inflation becomes zero. This difference is eliminated if inflation is sufficiently long.  
Recent observations suggest that matter associated with a non-zero cosmological 
constant (dark energy) dominate in the present day. The effect of a non-zero cosmological 
constant on the power spectrum of background gravitational waves was investigated in 
Ref. 3, in which it was indicated that the power spectrum of background gravitational 
waves under a non-zero cosmological constant is 0.3–0.6 times that of models assuming a 
cosmological constant of zero on large scales. As this estimate can be applied to our case, 
the present power spectrum of the gravitational waves may become smaller. 
The physics of pre-inflation has been investigated intensively in recent years, and 
many pre-inflation models have been proposed. The formulae derived here represent a 
means of determining whether a pre-inflation model is appropriate. In the future, the 
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present formulation will be applied to calculation of the power spectra of the scalar and 
tensor perturbations for more realistic models.  
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Fig. 1. Factor | (k)| as a function of z (=–kη ) for 10  for tensor perturbations 
in the case of a radiation-dominated period before inflation (p = –10/9) 
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Fig. 2. Factor | (k)| as a function of z (=–kη ) for 10  for scalar perturbations 
in the case of radiation-dominated period before inflation (p = –10/9) 
C 2
33 10≤≤− z
-3 -2 -1 1 2 3
z=10x
0.8
0.9
1.1
1.2
1.3
RHkL
 
Fig. 3. Ratio =|C (k)|/|C (k)| in the case of radiation-dominated period before inflation 
(p = –10/9) 
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Fig. 4. Factor | (k)| (=| (k)|) in the case of scalar-matter-dominated period before 
inflation (p = –10/9) 
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32 
Fig. 5. Factor | (k)| using Deruell’s matching condition in the case of radiation-
dominated period before inflation (p = –10/9). 
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Fig. 6. Ratio R =| (k)|/| (k)| using Deruell’s matching condition in the case of 
radiation-dominated period before inflation (1 , p = –10/9) 
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Fig. 7. Factor | (k)| using Deruell’s matching condition in the case of scalar-matter-
dominated period before inflation (p = –10/9).  
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Fig. 8. Power spectrum of gravitational waves as a function z (= ) in the ordinary case 
(Case 1) and in the case of inflation before the radiation-dominated period (Case 2) in the 
range of 10 , where c = 
5ηk
132 10≤≤− z PMπ /4.  
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                                     Case of Scalar-Matter 
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Table 1. Summarized results for |C(k)|, (k) and ∆    cR n
